The classical maximum principle.
Let A be the Laplace operator in E" (n = 1,2,3,...). We say that a real-valued function u is Moreover, unless U\D = 0, the conclusion can be sharpened to U\D < 0.
A biharmonic maximum principle.
It is natural to try to extend the classical maximum principle to higher order elliptic operators: we focus on the simplest example, the bilaplacian A 2 . In the same way that physically, the laplacian corresponds to a membrane, the bilaplacian corresponds to a plate (there is also a connection with creeping flow). In view of the nature of the boundary data for 'he Dirichlet problem, the maximum principle we are looking for necessarily will involve two inequalities along the boundary of the subdomain D, one for the functions, and another for the normal derivatives. We first need some notation. A real-valued function u on a domain Q is biharmonic provided that A 2 ?! = 0 there, and sub-biharmonic if A 2^ < 0 (one should think of A as a negative operator, which is the reason why the inequality is switched as compared with the definition of subharmonic functions). In the following we shall restrict our attention to the case of the plane R 2 , which is identified with C, the complex plane. Around 1900, it was known -more or less -that a variant of a maximum principle can be formulated for circular disks. Let D be a circular disk and u a C 1 -smooth function on the closure of D. The maximum principle reads rÛ \D . < 0, U\QD < 0, and -
whereby the normal derivative is calculated in the interior direction. Actually, unless u\o = 0, we have U\D < 0. Let TD denote the Green function for the Dirichlet problem associated with A 2 on D: for fixed C e D, the function rp(-,C) vanishes along with its normal derivative on 9D, and A 2 !^', C) equals the unit point mass at C. The above maximum principle (MP:A 2 ) then expresses •the following three basic facts:
These properties are easily verified by computation. In fact, with the normalizations used here, the Green function F = FD for the unit disk D={z€C:|z|<l}is expressed by
It should be mentioned that a local analysis of the behavior near the boundary shows that (2.2) is an immediate consequence of (2.1), at least if we replace the sign "<" with "<". The connection between (MP:A 2 ) and (2.1)-(2.3) is apparent from the symmetry of Fp together with Green's formula:
where G?S is area measure, normalized by the factor Tr" 1 , and da is one-dimensional Lebesgue measure, normalized by the factor (27r)~1.
Notation:
We have normalized the laplacian A acting over the plane: it is the operator
locally summable functions / on some domain f2 in the plane is equated with a distribution by the dual action^,
J^i for test functions y?: compactly supported (7°°-smooth functions on 0.
Hyperbolic geometry.
In his treatise on plaques elastiques encastrees ([3] , pp. 515-641), Jacques Hadamard suggests the possibility of a maximum principle of the type (MP:A 2 ) for more general subdomains D -in fact, he conjectured that it would hold for all convex D. That was later disproved in a series of papers of Duffin, Loewner, and Garabedian (see, for instance, [2] ). With hindsight, it is possibly to intuitively feel why the maximum principle (MP:A 2 ) fails in such generality; the circular disks are natural domains for the bilaplacian. Let us keep the circles -to be more precise, we single out the Gauss mean value property which they possess -but consider instead much more general geometries.
Let f2 be a simply connected two-dimensional Riemannian manifold with metric ds. Then topologically, 0 is either the sphere, the plane, or the open unit disk, by the Koebe theorem. We III-2 shall be interested in hyperbolic metrics, in which case we have only the plane or the disk as alternatives. We choose the disk, because it can be used to give local coordinates of the sphere and the plane. Then f2 equals the unit disk ©, and we have a global coordinate chart. The metric ds can be expressed as
where Q, /3, and 7 are assumed smooth, and the associated 2x2 matrix is strictly positively definite. The basic "circular" neighborhoods of points need not look circular in this first choice of coordinates (they are instead elliptic), but this is easily remedied. We find a quasi-conformal mapping from ID to itself which straightens out the ellipses to circles, and in the new coordinates, the metric takes the form
for some smooth strictly positive function g on D. The Laplace-Beltrami operator A on the Riemannian manifold is very simple to express in these coordinates:
A=---A.
Q(Z) 2
The distributional derivative A log Q turns out to be independent of conformal coordinate changes, and, in fact, p, = -Alog^ represents a fundamental geometric quantity: the local distribution of Gaussian curvature. Let us assume that the Riemannian manifold is hyperbolic, meaning that the Gaussian curvature is negative everywhere. Then u, is a negative locally bounded Borel measure on D, and the /^-measure of a subset tells us how curved the space is on the set. It is natural to consider first smooth metrics, and then consider more rugged metrics as a limit of smooth ones. The natural generalization of the planar maximum principle is A^lp < 0, U\QD < 0, and -
OjD where D is a smooth precompact subdomain of D, and the function u is assumed smooth on the closure of D. Of course we cannot expect the above to hold for all subdomains D, but rather, we should look for the appropriate generalization of the circular disks. The first attempt probably would be to consider the metric disks, but the above maximum principle definitely fails for them (a counterexample can be worked out on the basis of Miroslav English work [1] ). Instead we focus on the mean value property. Bernard Epstein [6] has shown that a domain D in the complex plane with ZQ G D and possessing the mean value property for some fixed r, 0 < r < -hoc,
/ h(z)dW=r 2 h(zo)Ĵ D
with h ranging over all bounded harmonic functions on D, necessarily is a circular disk centered at ZQ with radius r. A precompact subdomain D of the hyperbolic manifold D is said to be a mean value disk -"centered" at ZQ € D with "radius" r,0<r<-(-oo-provided that
holds for all bounded harmonic functions h on D. The mean value disks turn out to be uniquely determined by the parameters ZQ and r, just like the circles, and they are simply connected (this need not be true without the assuption of hyperbolicity). They are the result of a physical process, a Hele-Shaw flow on the hyperbolic manifold. The Hele-Shaw flow models how the free boundary evolves between an incompressible viscous Newtonian fluid and vacuum, which occupy the space between two parallel, narrowly separated infinitely extended surfaces (parallel to the manifold), as fluid is injected at a constant rate at the source point ZQ. The time parameter corresponds to r 2 , and initially, the space between the surfaces is empty.
III-3
The maximum principle (MP:AL<; 1 A) probably holds true holds for mean value disks D. The proof of this statement, however, remains to be found. Nevertheless, for mean va2ue disks D, we have found the weaker principle [5] 
